
Linear Systems I
Lecture 4

Solmaz S. Kia
Mechanical and Aerospace Engineering Dept.

University of California Irvine
solmaz@uci.edu

© Solmaz Kia, UCI

mailto:solmaz@uci.edu


© Solmaz Kia, UCI

Summary of previous lecture and today’s o`utline

Linear system

To construct all the outputs due to u:

• Find one particular output corresponding to the 
input u and zero initial condition.

• Final all outputs corresponding to the zero input.

Input-output description (Impulse response)
relaxed and linear ∶ 𝑦 𝑡 = ∫!!

! 𝐺 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

relaxed and linear time-invariant:  𝑦 𝑡 = ∫!!
! 𝐺 𝑡 𝑢 𝑡 − 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

Input-output description in Laplace domain 
"𝑦(𝑠) = (𝐺 𝑠 *𝑢(𝑠), ∀𝑡 ≥ 0 Lecture 4 covers

• Zero-state equivalence 
• Algebraically equivalent LTI systems
• Solu:on of LTV systems

• Solu:on to Homogeneous Linear 
systems

• Transi:on matrix and its proper:es

!𝐺 𝑠 = C sI − A !"B + D

SS ↔ Rational TF
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Zero input equivalence

Zero state responses of two zero-state 
equivalent system are the same!
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Algebraically equivalent LTI systems
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From rational proper TF to SS: Example (cont’d)
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Solution of an LTV system
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Properties of the transition matrix of and LTV system
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Recall
𝑑
𝑑𝑡
5
#(%)

'(%)
𝑓 𝑡, 𝜏 𝑑𝜏 = 𝑓 𝑡, 𝑏 𝑡 𝑏̇ 𝑡 − 𝑓 𝑡, 𝑎 𝑡 𝑎̇ 𝑡 + 5

#(%)

'(%) 𝑑
𝑑𝑡
𝑓 𝑡, 𝜏 𝑑𝜏

Proving that the series actually 
converges and that the solu:on is 
unique is beyond the scope of this 
course. 

𝑑
𝑑𝑡 𝜙 𝑡, 𝑡( = 𝐴 𝑡 + 𝐴 𝑡 5

%!

%
𝐴 𝜏" 𝑑𝜏" + 𝐴(𝑡)5

%!

%
𝐴 𝜏" 5

%!

)"
𝐴 𝜏* 𝑑𝜏*𝑑𝜏" +⋯ = 𝐴 𝑡 𝜙(𝑡, 𝑡()

Properties of the transition matrix of and LTV system
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Properties of the transition matrix of and LTV system

Example:

𝑥̇ = 0 0
𝑡 0 𝑥 → 𝑥̇" = 0

𝑥̇* = 𝑡 𝑥"
→ I

𝑥" 𝑡 = 𝑐"

𝑥* % = 𝑐"
𝑡*

2
+ 𝑐*

→
𝑥 𝑡( = 1

0 → I
𝑐" = 1

𝑐* = −
𝑡(*

2
→ 𝑥 𝑡 =

1
𝑡*

2 −
𝑡(*

2

𝑥 𝑡( = 0
1 → M𝑐" = 0

𝑐* = 1 → 𝑥 𝑡 = 0
1

→ 𝜙 𝑡, 𝑡( =
1 0

%#

*
− %!#

*
1 → 𝑥 𝑡 =

1 0
%#

*
− %!#

*
1 𝑥(𝑡()
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Properties of the transition matrix of and LTV system

Fundamental Matrix of 𝑥̇ = 𝐴 𝑡 𝑥(𝑡): 
• Consider a set of 𝑛 ini:al condi:on 𝑥+ 𝑡( , 𝑖 ∈ {1,⋯ , 𝑛}.
• For every 𝑥+ 𝑡( there exists a unique solu:on 𝑥+ 𝑡 .
• Arrange these 𝑛 solu:ons as 𝑋 𝑡 = 𝑥"(𝑡) 𝑥*(𝑡) ⋯ 𝑥,(𝑡)
• Note that 𝑋̇ 𝑡 = 𝐴 𝑡 𝑋(𝑡)
If 𝑛 ini:al condi:on 𝑥+ 𝑡( , 𝑖 ∈ {1,⋯ , 𝑛} are linearly independent (𝑋 𝑡( is non-
singular) then 𝑋 𝑡 is called a fundamental matrix of 𝑥̇ = 𝐴 𝑡 𝑥(𝑡)

Ø Fundamental matrix 𝑋 𝑡 is not 
unique. 

Ø 𝜙(𝑡, 𝑡() is a unique special case 
of a fundamental matrix.

Let 𝑋 𝑡 be any fundamental matrix of 𝑥̇ = 𝐴 𝑡 𝑥(𝑡). Then
𝜙 𝑡, 𝑡( = 𝑋 𝑡 𝑋!" 𝑡( .

Note that because 𝑋 𝑡 is non-singular for all 𝑡 ≥ 𝑡(, its inverse is well-defined.  
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Properties of the transition matrix of and LTV system

Example:

𝑥̇ = 0 0
𝑡 0 𝑥 → 𝑥̇" = 0

𝑥̇* = 𝑡 𝑥"
→ I

𝑥" 𝑡 = 𝑐"

𝑥* % = 𝑐"
𝑡*

2 + 𝑐*
→

𝑥 𝑡( = 1
0 → I

𝑐" = 1

𝑐* = −
𝑡(*

2
→ 𝑥 𝑡 =

1
𝑡*

2
−
𝑡(*

2

𝑥 𝑡( = 1
2 → I

𝑐" = 1

𝑐* = −
𝑡(*

2 + 2
→ 𝑥 𝑡 =

0
𝑡*

2 −
𝑡(*

2 + 2

→ 𝜙 𝑡, 𝑡( = 𝑋 𝑡 𝑋!" 𝑡( =
1 0

𝑡*

2 −
𝑡(*

2
𝑡*

2 −
𝑡(*

2 + 2
1 1
0 2

!"
=

1 0
𝑡*

2 −
𝑡(*

2
𝑡*

2 −
𝑡(*

2 + 2

1
−1
2

0
1
2

=
1 0

𝑡*

2 −
𝑡(*

2 1
→

𝑥 𝑡 =
1 0

%#

*
− %!#

*
1 𝑥(𝑡()
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Properties of the transition matrix of and LTV system

𝜏 𝑠 𝑡

𝑥 𝑡 = 𝜙 𝑡, 𝑠 𝑥" = 𝜙 𝑡, 𝑠 𝜙(𝑠, 𝜏)𝑥(
𝑥 𝑡 = 𝜙 𝑡, 𝜏 𝑥(

𝑥(

𝑥"
𝑥" = 𝜙 𝑠, 𝜏 𝑥(
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Solution of a LTV system
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