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Regulation via state-feedback control

Consider x = Ax + Bu, x(0)=xp#0€R™

Definition (Regulation problem)

Starting from nonzero initial conditions, force the state vector to zero as t — oo.

Goal: We want to solve this problem using state feedback u = —Kx
x=Acax, Acq=(A—BK)eR"™" KegR"¥P,
x(0) =x0 #0 € R™.

@ A is Hurwitz, regulation can be solved using u =0
@ We want some performance

o how fast

@ certain transient response

@ minimum energy,

e etc
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Review: any controllable LTI system can be stabilized by full state feedback

Consider x = Ax +Bu, x(0)=xg#0€R™ (%)

Objective If (A, B) is controllable, then we can stabilize system (%) using full
state feedback control u = —KXx, i.e., in x = Ax + Bu= (A — BK)x = A.lx, the
closed-loop matrix Ay is Hurwitz.

» For any u € R, if (A, B) controllable, then (—A — ul, B) is also controllable.
» o(—A —ul) ={A; — u}Y; where AN | = 0(A)
» we can always find 1 € R-¢ such that —A — ul is Hurwitz.
> there exists a W > 0! such that (—A — pI)W + W(—A —ul)"T = —BBT
» let P =W~ then you can write
PA+ATP-PBB'P=-2uP
> let K= %BTP, then we can write

P(A—BK)+ (A —BK)'P=—2uP < 0= A —BK is a stability matrix

1W:fgoe(7”17A)TBBTe(7“17A)TTdT >0
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Regulation via state-feedback control

Goal: We want to solve this problem using state feedback u = —Kx
x =Acx, Ac=(A—-BK)eRY" KeR"P,
x(0) =xp #0 € R™.

Regulation via full state feedback:

@ fast with rate i > 0: place the eigenvalues such that Re(A) < —pn
@ control over transient: place eigenvalues in certain locations
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Regulation via state-feedback control when (A,B) is controllable

Let (A, B) be controllable. For every & > 0, it is possible to find a state-feedback controller
uw = —Kx that places all the eigenvalues of the closed-loop matrix A, = (A — BK) on the
complex semi plain Re[A(A¢)] < —«.

Design procedure to obtain K such that Re[A(A. )] < —« for a given o > 0:

@ for a given & > 0 choose 1 > « such that —ul — A is a stability matrix

@ Because (—uI — A, B) is controllable the Lyapunov controllability test says that
(—ul — AW +W(—ul—A)T = —BBT,
has a unique solution given by W = fgo e(HI=AITBBTe(-rI-A) TT g 5

© Consider the following manipulations
(—ul— AW+ W(—pl—A)T =—BB'

PA+ATP—PBB'P=—2aP, (P=W1)
1
Let K = 5BTP, then

PA+ATP—2PBK = —2uP < P(A—BK)+ (A —BK)'P=—2uP <0
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Regulation via state-feedback control when (A,B) is controllable

Let (A, B) be controllable. For every o« > 0, it is possible to find a state-feedback controller
u = —Kx that places all the eigenvalues of the closed-loop matrix A.; = (A — BK) on the
complex semi plain Re[A(Aq)] < —«.

@ Fora e >0 write P(A —BK)+(A —BK)TP=—2uP <0 as
P(Ac+ (n—e)D)+(Ac+ (n—e)) TP =—2eP <0,
Lyapunov stability test: A.; + (it — €)1 is a stability matrix,
o Re(A(Agqg+ul—¢€))<0.
e € — 0, we have R(A(Aqq) < —u

e Since > o we can conclude that R(A(Aq) < —«.

Conclusion: K = %BTW*1 results in Re(A(Ac1)) gfugfoc‘

wl = %BT<JSO e(’”I*A]TBB—'—e(*'“I*A)TTdT)71
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Regulation via state-feedback control when (A,B) is controllable

Theorem (Eigenvalue assignment)

Let (A, B) be controllable. Given any symmetric set of n complex numbers
{V1,Vo, -+ ,vn}, there exists a full-state feedback matrix K such that the
closed-loop system matrix (A — BK) has eigenvalues equal to these v;'s.

see HW 6 for the proof.
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Stabilizability for LTI systems

(A, B) uncontrollable: rank @ = rank[B AB A?B --- A" 'Bl=m<n

o Txe] [Ae Al [xe] | [Be
3T (invertible) : {Xu] = { 0 Au} |:X\|:| + { o } u

—_— =

A B
A=T'AT, B=T'B

Couple of things here:

@ A[A] = A[A]: because the two systems are allegorically equivalent

@ A[A] ={A[A.],A[A]}: because A is block triangular

@ %, = Ayuxy: no controller goes to x,, state equation, eigenvalues of A, cannot be changed by
stat feedback

@ (A.,B.) is controllable: we can change the eigenvalues of A . using state feedback

Definition (Stabilizable LTI system)

Def. (Stabilizable system): The pair (A,B) is stabilizable if it is algebraically equivalent to a system in the
standard form for uncontrollable systems with n = m (i.e, A, does not exist) or with A, a stability
matrix.

Definition (Stabilizable LTI system (alternative definition))

The pair (A, B) is stabilizable if there exists a state feedback gain matrix K for which all the eigenvalues
of A — BK have strictly negative real part.
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Regulation via state-feedback control when (A,B) is controllable:

pole-placement/eigenvalue placement

u=—-Kx=x=(A—-BK)x
,Vn}, there exists

x = Ax + Bu,

@ (A, B) controllable: Given any symmetric set of n complex numbers {v1, v,
a full-state feedback matrix K such that the closed-loop system matrix (A — BK) has eigenvalues

equal to these vi's.
IK: det(AI— (A —BK)) = (A—=vi)(A—v2) - (A—vy)

desired charac. polynomial

@ (A,B) is not controllable: rank(C) =m <n (A € R™*"):

H : ey — T3 - T Xe _ Ac A | xc B.
dTinvertible: x =Tx: X = [Xu} = [ 0 Au] [Xu} + [ 0] uw
—
A=T—LlAT B=T—1B

s ks _ [k - Xe

u=—Kx=—-KTx =—Kx=—[K; K] |:Xu:|

5 | Xe| = [Ae B.Ky A —BcKa| [xe

BRET 0 Ay X

A—BK=T—1(A—BK)T

(A, B¢) is controllable, we can place eigenvalues of (A, — B.K;) in any location we want using

state feedback!
We can only change the location of controllable eigenvalues using state feedback
We can only stabilize a system whose uncontrollable eigenvalues are stable

u=—-Kx=—[K; 0]x =—[K; O]T 'x=—-Kx
—
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Tests to check stabilizability of LTI systems

There are various stabilizability tests. Following are some of them:

The following are equival.

@ The pair (A, B) is stabilizable;
@ There exists no left eig of A iated with an eig lue having ive real part that is orthogonal to the
columns of B;

{V*A =Av (ReA(A)>0) __ o

v*B =0

@ rank[Al —A Bl = n forall Re[A(A)] > 0.

We have an uncontrollable system (A, B) with A(A) ={—2,3,0}. (notice that A € R3*X3)

Q1: Can you find a state feedback gain K such that the eigenvalues of A 1 = (A — BK) are
{—1,—2+3i,—2—31}? A: The answer is no. Here, we want to change the location of all eigenvalues.
Because the system is uncontrollable, at least one of the eigenvalues is not controllable, i.e., its location
cannot be changed

Q2: When is it feasible to design a state feedback to place the eigenvalues of A at
{3,—2+3i,—2 —3i}. A: Here, we have changed the location of eigenvalues {—2,0}. This can only be
possible if these eigenvalues are controllable, that is, for example

rank([—2I — A B] =3, rank([0I—A B]=3

Q3: Can you find a state feedback gain K which results in A — BK being stable matrix?. A: Because the
system is uncontrollable, at least one of the eigenvalues is not controllable, i.e., its location cannot be
changed. We can find a state feedback to asymptotically stabilize the system if the only uncontrollable
eigenvalue of A is —2. In other words, we should have

rank([31 — A B] =3, rank([0I—A B]=3
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A sample numerical example
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Tests to check stabilizability of LTI systems: example

. —11 30 10
x=[74 11]x+{4]u
Controllability text:

rank € = rank[B AB] = rank [140 {40} =1=— (A, B) is not controllable!

PBH eigenvalue test for controllability

@ first find A[A]:

A(A)=det(Al—A) = A+11)(A—11) +120=A2—-1= (A—1)(A+1) =0= A[A] ={-1,1}
@ check rank of [AT — A B] for A[A] ={—1,1}

A= —1: rank[-I — A B] =rank [140 :‘;’g 140} =1=- A= —1is not a controllable eigenvalue
A =1: rank[I — A B] =rank [142 :‘;’g 140] =2 = A =1is a controllable eigenvalue
Then:

o (A,B) is not controllable
o (A,B) is stablilizable: because rank[AI — A B] = n for the eigenvalue with
positive real part A = 1.
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Feedback controller design for stabilizable LTI systems: example

Objective Place eigenvalues of A — BK at {—1, —3}
Consider the state feedback u = —Kx = —[k; ka]x
—4—4k; 11— 4k,

Acl= A — BK = [711710k1 30—10k2]

—11—10k; 30— 10k3

A(Acl) = A(A — BK) = det (Mf [ e 1a

]):(7\+1)(?\+10k1+4k271):0

AMA] ={—1,—10k; — 4k, + 1}

Notice that we cannot change the location of uncontrollable eigenvalue but we can put the controllable
eigenvalue in any new location using state feedback!

We can pick ki and k; such that A has eigenvalues with strictly negative real parts and, as such,
stabilize the closed-loop system using u = —Kx.

For example k; =0 and ky = 1 results in A[A. ] ={—1,—3}.
You can confirm this by checking eigenvalues of A — BK = {1141 ‘;’(1)] — [140] [0 1] = {1141 270] .
See the next slide for an alternative design approach:

@ Note: state feedback gain that places the eigenvalues in certain locations is not necessarily
unique
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Feedback controller design for stabilizable LTI systems: example

. —11 30 10
x=[74 11]x+{4]u

AlA]: A(A) =det(AT—A) = (A+11)(A—11)+120=A2—-1=(A—1)(A+1) =0= A[A] = {-1,1}
Objective Place eigenvalues of A — BK at {—1, —3}
Controllability text:

10 10
4 4

o) e
Asrar=3 [ HE El-p A sereefd

We use (A, B.) = (1,2) to place eigenvalue of the controllable part at —3: A(A, — B.k;) = —3
A—(1—2ki))=A+3 =k =2

rank € = rank[B AB] = rank [ } =1= (A, B) is not controllable!

Controllable decomposition




