Lectures 15 and 16
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Augmented Lagrangian
and
the Alternating Direction of Multiplier Method

Consult Section 17.3 of ref [3] and Section 14.7 of Ref [2]



Solution methods for
constrained optimization

* |dea: Seek the solution by replacing the
original constrained problem by a sequence of
unconstrained sub-problems
— Penalty method
— Barrier method
— Augmented Lagrangian method



Quadratic Penalty Method

minimize f(x) subjectto

h.(x)=0, i=1,....m

gi(x) =0, j=1,...1
h 4

minimize f(x)+%§hi(x)2 + % g(max{O, g, (0}
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ALGORITHMIC FRAMEWORK

A general framework for algorithms based on the quadratic penalty function
can be specified as follows.

(Quadratic Penalty Method).

Given € > 0, a nonnegative sequence {t;} with 7z — 0, and a starting point x;
fork=0,1,2,...
Find an approximate minimizer x; of Q(-; cy), starting at x;,
and terminating when ||V, Q(x; c )| < w3
if final convergence test satisfied
stop with approximate solution xi;
end (if)
Choose new penalty parameter Cyy > C4;
Choose new starting point x, ;3

end (for)

The starting point x°,; usually is selected to be x,




Convergence Guarantees of the
Practical Quadratic Penalty Method

Theorem- Suppose that the tolerances {7, }and penalty parameters { ¢, }satisty
7, — 0and c, | . Then if a limit point x™ of the sequence {x,} is infeasible,
it is a stationary point of the function ||h(x)||2 . On the other hand, if a limit point x”

is feasible and the constraint gradients VA, (x) are linearly independent, then x” is

a KKT point for the problem
minimize f(x) subject to
h.(x)=0, i=1,....m

For such points, we have for any infinite subsequence K such that lim,_, x, = x" that
lim,., ¢ h(x,)=A i=1,...m

where A’ is the multiplier vector that satisfies the KKT conditions

(first order necessery conditions for optimality) for the equality constrained problem.




min x; +x, subjectto x{ + x5 —2 =0, (1)
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Figure 2

Minimize the cost with the quadratic penalty function

C
Q(-x; C):xl+x2+5(x12+x22_2)2, (2)
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Minimize the augmented Lagrangian
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(Augmented Lagrangian Method-Equality Constraints).
Given ¢, > 0, tolerance 7y > 0, starting points x3 and A9
fork =0,1,2, ...
Find an approximate minimizer x; of £4(-, Ak ), starting at x;,
and terminating when ||V, L4 (xx, A% )| < s
if a convergence test for the equality constrained optimization is satisfied
stop with approximate solution x;
end (if)
Update Lagrange multipliers using )\f.‘“ = Af.‘ + chi(xg), I=1,....m
Choose new penalty parameter ¢y ; > ;3
Set starting point for the next iteration to x;_ ; = x;;
Select tolerance tj1;

end (for)

L,(x. 25 u) = F(0)+ Y AR (x)+ %E h(x)?




minimize f (x,)+ f,(x,)

Ax, +Ax,=b
L(x,x,,A)=f(x)+f,(x,)+ A" (Ax, +Ax, —b)
First order necessary conditions:

V. L(x,%,,A) =V, fi(x)+A A=0
V. L(x,,x,,A)=V_ f,(x,)+ AA=0
V,L(x,x,,A)=Ax, +Ax,-b=0

J\\




minimize f,(x,)+ f,(x,)
Ax +Ax, =b
x, €Q, x,EQ,

Lo, 2 )= £(6) + £(5) + AT (Ax, + A,x, —b)+§IIA1x1+A2x2 _bIP

Alternating direction of multiplier method (ADMM)

( k+1

x" < argmin L,(x,x5,A% c,)
xEQ

k+1

10" <argmin L,(x™,x,,A% c,)

X, EQ,

k+1 k k+1 k+1




minimize f,(x,)+ f,(x,)

Ax +Ax,=b

L,(x,%,,A; o)=fi(x)+ f,(x,)+ A" (Ax, + A x, - b)+2||Ax1+Ax2 bl

Alternating direction of multiplier method (ADMM)

k+

x"—argmin L, (x,x;, A" c)

k+

'—argmin L, (x",x,,A% ¢)

Ak+1 + C(A xk+1 +A xk+1 b)

Note: you can use a finite value for c (consult your notes for more details)



minimize f,(x,)+ f,(x,)

Ax +Ax,=b

L,(x,x,,A¢)=f(x)+fo,(x,)+ A" (Ax, +Ax, - b)+2 A X, +Ax,-blIl

| Augmented Lagrangian method

(x/,x3) < argmin L, (x,,x,,A“; ¢,

X1,X2

IAM =A%+ o (Ax) +Ax, - b)

Ciel = Cx = 0 Augmented Lagrangian
method solves one large
optimization problem,
Alternating direction of multiplier method (ADMM) whereas the ADMM
solves two smaller size
optimization problems

k+

x"—argmin L,(x,x;, 4% <)

_—

k+

'—argmin L, (", x,, A% <)

A’k+1 _ A‘k k(A xk+l +A xk+l b)

| G > ck>0
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Example: 1 step of ADMM algorithm over a quadratic optimization problem.

{minimize X2+ x}

X +x,=2

Here we have

filx)=x%  fi(x)=x, A=1 A=1, b=2
R B C 2
LA(xl,xz,)L,u)—x,+x2+)L(xl+x2—2)+-2—(xl+x2—2)

Given: x° =[ ; ], A% = -6, C -4 (ADMM does not need a initial conditin for x,)

Alternating direction of multiplier method (ADMM)

x < argmin L,(x,x,A% €)=argmin x; +4+(-6)(x, +2—2)+%(x, +2-2)?

xER xER

This is a simple quadratic optimization problem which you can solve exactly by
setting the gradient of the unconstaint optimization problem to zero. The details are omitted for brevitey.

1
x =1

) . 4
x) < argmin L,(x,x,,A% C)= argmin 1+x; +(=6)(1+x, —2)+§(1+x2 -2)*

xER x,ER
This 1s a simple quadratic optimization problem which you can solve exactly by
setting the gradient of the unconstaint optimization problem to zero. The details are omitted for brevitey.
5

x2=§

Al =AO+‘(J€;+x§—2)=—6+4(1+§—2)=%



Solmaz Sajjadi kia


Distributed unconstraint optimization using
the ADMM method

* Review the following paper:

Ermin Wie, and Asuman Ozdaglar, “Distributed Alternating Direction Method
of Multipliers”, IEEE Conference on Decision and Control, December 10-13,
2012, Maui, Hawaii, USA
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