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Multi-stage Anti-Windup Compensation for
Open-loop Stable Plants

Solmaz Sajjadi-Kia and Faryar Jabbari

Abstract

e discuss the benefits of adding a measure of scheduling to the popular Anti-Windup design. The
main idea is to develop a scheme in which the Anti-Windup gains depend on how much the actuator
command exceeds the saturation bound. The aim is to design and implement more aggressive Anti-
windup gains in lower levels of saturation. Global stability and performance is addressed by adding
an outer-loop Anti-windup compensation which become active when the system is in higher levels of
saturation. We present results for both static and dynamic Anti-Windup gains, along with the convex
synthesis LMIs. Benefits of the proposed design method over the traditional single gain Anti-Windup

compensation are demonstrated using well-known examples.

Index Terms

Saturation, Anti-Windup (AW), Scheduling, £5 Gain.

I. INTRODUCTION

Anti-Windup (AW) augmentation often is used for safety and performance degradations as-
sociated with actuator windup, when high performance linear controllers encounter actuator
saturation. Generally, AW schemes are designed with two goals: 1) as long as system actuators
do not saturate, the system closed-loop response coincides with the linear unconstrained response;
2) if the actuators saturate, stability is preserved and performance is recovered as much as possible

([1]). An excellent set of discussions and references on AW design can be found in [2], [3], [4],
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Fig. 1. Typical Anti-Windup set up

[5], [6], [7], [8], [9]. In most cases, the AW augmentation is a single controller (or set of gains)
that is applied for all initial conditions, reference signals and disturbance levels. For such global
results, typical performance guarantees are no better than those from the open-loop system.
Naturally, stronger results can be obtained if reference signals or disturbances are assumed to
have peak or energy bounds ([10]). Such techniques can be combined with the results presented
here, by adding conditions that bound the reachable sets, which in turn bound the signals and
states. For brevity, we focus on the global case here.

The main observation, here, is that in many applications saturation can be mostly mild and
thus the command to the actuator rarely would exceed the saturation bound by a large margin.
In such cases, it seems intuitively clear that using different gains for the rare cases might allow
a more aggressive and higher performance gain for the situation where the commands are only
slightly larger than the actuator limitations. This leads to, in essence, a form of scheduling of
the AW gains based on the level of saturation. This is the main tack in this paper.

The idea of using scheduling in the traditional AW setting has been attempted before. For
example, in [11] scheduling is used to improve the system performance after it re-enters the
small signal domain. Another approach can be found in [12], in which a family of controllers
are used to develop a scheduling approach in dealing with saturation, though the overall technique
is quite different from the concept of Anti-Windup used here. While the approach in [12] has
the important advantage of being applicable to open-loop unstable systems, its implementation
is rather involved and requires considerable on-line computation and often cannot match the
high performance of nominal linear controllers in small signal regions. Other approaches to
the AW design can be found, e.g., in [13] which considers simultaneous design of linear and
AW controller together, or [14] where a nonlinear state-feedback control law for the global

asymptotic stabilization of non-exponentially unstable plants is proposed. Similarly, use of self
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Fig. 2. Anti-Windup scheme: uq € [71;%, %], U € [—Uim, Wiim)]

(or gain)-scheduled techniques to obtain AW gains is explored in [15] and [16].

Here, we are mainly interested in improving the performance of AW schemes through simple
and easy to implement modifications. In a somewhat related approach, in [17] a modified AW
scheme is proposed which allows the saturated system to take advantage of the robustness of the
nominal controller in the moderate saturation regime, and applies the AW when system faces
substantial performance degradation. The main idea behind [17] was to use the high performance
nominal controller even after initial saturation since, in all likelihood, a good nominal controller
possesses reasonable performance robustness to the nonlinearity caused by saturation (a form
of benign, ‘matched’ uncertainty). While this can be shown to improve the performance, it still
relies on one set of AW gains for all levels of saturation.

We focus on developing an approach that provides performance guarantees for the large signal
operation of open-loop stable systems, yet allows higher performance gains when the command
to the actuator is only modestly above the saturation limits. This is through use of multiple
sets of AW gains (as shown in Fig. 2): for moderate levels and for severe levels of saturation.
By placing more weight on the gains associated with the moderate level of saturation, one can
expect better performance in this level, particularly if this is the normal envelop of operation.
The overall stability and some performance when the command signal exceeds the saturation
bound significantly are guaranteed by another set of gains.

For simplicity, and to stay close to the basic concept of AW, we start by considering the
case in which all gains are static. We show that the gains can be obtained from relatively
straightforward linear matrix inequalities where the complexity of the resulting search is only

modestly higher than the traditional AW case. The implementation of the proposed scheme is
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quite straightforward and similar to the standard AW. Finally, for ‘all static’ gains we show
that the existence condition of the proposed scheduled approach is the same as the one for the
traditional static AW compensation (Fig. 1).

It is well known however, that in some problems the traditional static AW compensation (Fig.
1) is not feasible, while a dynamic AW augmentation only requires open-loop stability, as a
sufficient condition for feasibility. We show that by letting one of the loops to include dynamic
AW, we also can extend the scheduling approach so that open-loop stability leads to feasibility
of the scheduled AW.

II. PROBLEM DEFINITION AND BASIC SETUP

Consider the following open-loop stable system with state vector x, € R"?, control input
vector & € R™, and exogenous input vector w € R"™ (e.g., reference signal, noise, external
disturbance, etc.):

T, = Apzy, + Biw + Batl
Xp o~ y = Coxp + Doyyw + Daoti - (D

z = Chzp + Dijyw + Diot
The nominal controller, designed to fulfill a specific task such as tracking or disturbance
regulation for this system, is likely to saturate. As a result, it needs to be augmented with
an AW protection loop. The AW commands are introduced to the nominal controller by adding
signals n; and 7, to the state and output equations of the nominal controller (i.e., the nominal

controller is recovered when 7, = 1y = 0):

S & = Acxe + Beyy + Beyw + 1 )
u = Cette+ Deyy + Deww + 12
where z.(t) € R"™ is the controller state vector and v € R™ is the output vector of the
controller. The saturation nonlinearity is assumed decentralized with the saturation limit wy;,,, for
each u; (1 =1,2,...,n,); i.e., 4; = sat(u;) = sgn(u;) min{|uw;|, wim }-
In traditional AW scheme (Fig. 1), AW commands are normally generated using only one
set of gains designed to ensure global stability and graceful performance degradation even for

arbitrary large commands/disturbances. In this paper, we use more than one set of gains. As a

start, we consider the case where two sets of gains are obtained: one for the case when the control
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command is moderately above the saturation limit, and another when the control command is
significantly larger.

Consider Figure 2. To separate the activation of AW gains into two different levels of saturation,
we have added an artificial saturation box with a larger saturation bound, iulim where 0 < gg <
1. For moderate levels of saturation, i.e., when the magnitude of the command signal is between
Uyim and g—lduum, we use AW gain Y, and the signal to activate this AW gain is ¢ = ug — 4,
where u, is the output of the artificial saturation box. If the actuator command goes beyond
g—ldulim, then § = u — ug # 0 and both ¢ and ¢ activate their respective AW gains, >, and i‘aw.

The main benefit of the first, artificial, saturation box is to bound the sector nonlinearity,
associate with the actual saturation box, away from 1 since it limits the magnitude of the signal
which will enter the actual saturation u, (associated with the actuator) to iu“m. Then, it is

straightforward to show that
(q,uq) € [0,54] = q" (¢ — squq) <0, where s5=1— gq4 3)

Absent any assumptions on the reference and disturbances signals, there is no a priori bound on

the signal u. Therefore, the sector bounds on the artificial saturation is

(G,u) € [0,1] = ¢ (G—u) <0 4)

The two sector conditions separate the task of dealing with moderate signals to >,,, where it
deals with a nonlinear element with more limited sector nonlinearity, while substantially larger
signals will also activate Saw. One can expect that this will allow a more effective and aggressive
Y for moderately saturated command signals (see Table 1 of [18] and the numerical examples
below). Now considering the signals in Fig. 2, we have ¢ = uy — @ and ¢ = u — ugy, thus
ug =u—¢, and & = u— (q¢+ ¢), while the AW signals entering the compensator dynamics; i.e.,
ny and 7, satisfy 7 = +240,(§) + Baw(q), with 7 = [T nZ]7. Then, the plant and controller

equations can be written as:

ip = Apty + Biw + Ba(u — (q + §))
Xy o~ y = Coxp, + Dojw + Dyg(u — (g + §)) )
2z = Cix, + Dyyw + Dig(u — (g + §))
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5.~ Te = Ao + Beyy + Beyw + [I 0] (?aw(q) + Xaw(q)) ©

u = Cee + Deyy + Deww + [0 1](Eaw () + Zaw(q))
In the next section, we focus on the static compensation. Dynamic gains are discussed in Section
IV. Also, in the following, for simplicity, we mostly consider the single actuator systems first.

The expansion to the multi-actuator case is straightforward and will be discussed later.

III. STATIC AW GAINS
A. Synthesis

The simplest AW form in terms of design and implementation is static gain. Here, we obtain
synthesis LMIs for the scheduled AW scheme of Fig. 2 when X, and f)aw are considered
static gains —A and —A, respectively (i.e. Yuu(¢) = —Aq and 2,0,(§) = —Ag). In this case,

T T

by selecting z = [a:p 27T and using w, ¢ and G as input, we can represent the augmented

closed-loop system, Y, in the following state space form:
i = Az + Byw+ (B, — B,A)q+ (B, — B,A)§
2= C.x+ Dyyw+ (Dog— DoyA)g + (Dog — DayA)g 7
u= Cut+ Dy + (Dug — DuyN)q + (Dug — DuyN)§

The matrices A, B, etc. are known matrices in terms of plant and nominal controller gains
(see Appendix I). To establish a performance bound for the AW and ensure stability, £, gain
from w to z is typically considered. A variety of other measures, such as energy-to-peak or
peak-to-peak, can be handled easily but for brevity we discuss only the £, gain. Following the
standard approach, by relying on quadratic Lyapunov function V = 27Q 'z with Q > 0, an

estimate for the £, gain from w to z, 7, can be obtained using the following standard inequality:
d
%(:L’TQ_lx) + 32T — A3wTw < 0 (8)

Here, the two nonlinear elements satisfy the sector conditions in (3) and (4). Invoking S-
procedure for some positive scalar 1W and W, we can use the following sufficient condition to

ensure (8):
L(2TQ 7 x) + 72Tz — JwTw — 24" W,(q — squq)

8 9)
—2¢"W(G—u) <0

DRAFT



APPEARED IN IEEE TRANSACTION ON AUTOMATIC CONTROL, VOL. 56, NO. 9, MONTH 2011 7

Since uy = u — ¢, and using W = W,s,, we can rewrite (9)
@' Q7 ) + 771" — Fwlw — 2¢" W (s5 g —u+ q)
—2§"W(G—u) <0
Using (7), this inequality can be expanded into the typical form of p”(H + 3 'hhT)p < 0
where p? = (27 w? ¢* ¢7) with a sufficient condition of H + 3 'hhT < 0 (details are routine

and are omitted). Applying the Schur complement formula, one gets the equivalent form of

H
Q= . < 0. Next, we apply the congruent transformation of 77QT with T =
e =7
Diag[I, 1,1, W', W~']. After defining M = W=, M =W, X = AM and X = AM, we
get
AQ+QTA & * * *

BT —AI * *

C.Q D.., —A1 x x | <0 (10)

Dy Dyw MDIL —X'DI @y, «

®51 Dy, MDL —X DT @5, &5
where

By =MBY —X"BI +C,Q, @5, =MBI —X BT +C,Q
®y4 = He{—s;'M + D,M — D, X}
54 = M+ DM +MDL — D, X —X DI
55 = —2M + D, M +MD?, — D,,X - X' DT,
The sub-block (4:5,4:5) ensures the well-posedness of the closed-loop system under the scheme
of Fig. 2 (see [19] for details). By minimizing 4 with the constraint (10), we obtain the stabilizing
gains with guaranteed performance level of 7 as

< o~

A=xXM"', A=xM" (11)

Y

One can put more emphasis on the performance level in the moderate levels of saturation (i.e.,
lu| < g—ldulim) by the following approach. We start by assuming, for now, that somehow it can
be guaranteed (without using an artificial saturation element) that the command to the actuator
uq satisfies |ug(t)| < éulim (or, equivalently, u(¢) in Fig. 1 satisfies this bound). In that case,

we could design a more aggressive AW gain A, since, now, there is no A loop. Parallel to
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271" with w and ¢ as inputs, we can represent the closed-

development above using x = [z -

T T
P

loop system (1), (2), with n = —Agq, in moderate levels of saturation by (7) where ¢ is set
to zero. To establish a performance bound for the AW and ensure stability, we again rely on
quadratic Lyapunov function V = 27(Q~'x. However, as we discussed, if the magnitude bound
is in effect, we have (q,uq) € [0, s4]. As a result, we have " W,(q — squ) < 0 where W, > 0.

Invoking S-procedure, inequality
d
E(xTQ’lx) + 77 2 — ywTw — 2" W,y (q — squ) < 0 (12)

is the sufficient condition for inequality (8). Expanding this inequality and preforming proper
congruent transformations, inequality (12) can be written in the LMI below with M = (s, W,)~!

and X = AM

AQ+QTA * *

BT —~I * *
<0. (13)

OzQ D, _'Y] *

Dy, Dy MDZ —XTDZT,] Dyy

Of course, using inequality (13) alone does not guarantee the stability and performance since
it is based on the assumption on the magnitude of the command. One way to ensure overall
stability and performance is to combine the two inequalities (13) and (10). To ensure a unique
A, we need to use the same M and X in (13) and (10), though we can use different Lyapunov

matrix in (13) to reduce conservatism (denoted by Q). This results in the following:

Minimize ¢4 + ¢y (with ¢ > 0,¢ > 0) subject to (14)
LMI (10) and (15)
AL AT
AQ+Q A * * *
BT —I * *
_ <0 (16)

MBT —X"Bl' + C,Q Dy, MDL —X"DI &,
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Inequality (15), as before, ensures that the closed-loop in Fig. (2) is stable with an £, gain of
7, while (16) indicates that the £, gain would have been ~ if the command magnitude remains
below gidulim. Buy using larger values for ¢, one can seek lower values for v (i.e., more aggressive
AW for moderate saturation cases), at a cost of larger v which is the guaranteed £, gain of the
closed-loop. It is important to note that the only performance guarantee, i.e., the one without any
assumptions or conditions, is . The gain -y is best described as a measure of the aggressiveness

and effectiveness of A.

Remark 1. The levels of saturation are defined and separated by the choice of sy (or g,). Smaller
values of sq result in less restrictive sector condition for the inner loop and therefore, one can
expect to obtain more aggressive gains for inner loop. This design parameter can be selected
based on the operating envelop of the system, e.g., if the saturated system is more often in the
lower levels then we can pick a small value for s, and get aggressive gains (higher performance)

in this region.

Remark 2. For multi-input systems, one only needs to replace the sector end for the moderate
levels of saturation, sg, in all of the equations by the diagonal matrix Sp, where each diagonal
entry is sq, = 1—gq, with gq, the design point for artificial saturation elements, while the weights
W and W will be diagonal positive definite matrices. Furthermore, it is relatively straightforward
to see that one can insert additional artificial boxes, which will result in additional rows and
columns in the main inequality in (10). Additional saturation elements can help refine the range
of the over-saturations that each AW gain will handle, and place emphases on a specific range
of operation by following the development in (14)-(16), in which (16) is replaced by inequality

(or inequalities) that correspond to the range (or ranges) of interest.

B. Feasibility

Next, we consider the conditions under which the proposed scheme is guaranteed to have
solutions. First, note that with Q = Q and ~ = 7 the inequality (16) is simply (1:4,1:4) bock
of (10). As a result, if (10) is feasible, then there is at least one set of decision variables that
make (14)-(16) feasible. The arrangement in (14)-(16) is simply to allow a more aggressive A,

in exchange for a higher guaranteed £, gain (see examples below). To consider the feasibility
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of (10), similar to the traditional AW, we use the elimination lemma. It is relatively easy to see
that (10) can be written as ¥+ G”[X X]"H+HT[X X]G <0, where H = [-BI' 0 — DI —
0000 I

DY, —DJ, ]and G = . Applying the standard elimination lemma, we get
00071 O0

the following equivalent conditions
AQ+ QAT B, QCZT
BZ; —A~1 DZTw <0 (17)
C.Q D,, —AI

Tl,l * * B2

S
Bl ar . |+ o | M(BF o Dp)<0 (18)
CiQu Dn -1 Do

where T1; = A,Qq; + QllAg. Consider (18) first. If the first term is negative definite, then
there exists small enough M such that (18) holds. If the open-loop system is stable, then a
Q11 > 0 (top right hand block of Q) exists so that the first terms holds for some 7. Similarly,
stability of closed-loop means that there exists some Q > 0 such that (17) holds. For both (17)
and (18) to hold together, Q;; must be the (1,1) block of Q. These are precisely the sufficient
and necessary conditions for the existence of a single static AW gain (see [6] for more details).
That is, if the traditional AW problem has a solution, the scheduled scheme proposed here (in
(10) and indeed for (14)-(16)) is also feasible. As with the traditional case, the choice of M
does not play a role, while M is to be small enough to make (18) feasible.

Of course, it is well known that this ‘common ();; block’ requirement is not possible in many
problems. Dynamic AW gains address this difficulty in the traditional AW approach. Next, we
show that by using dynamic AW for the first (artificial saturation) loop, we can address this

issue for the scheduling scheme proposed here.

IV. COMBINATION OF DYNAMIC AND STATIC AW

Our focus in this work is to keep the multiple gain AW scheme as simple as possible both in
design and implementation stages. As mentioned above, the motivation to move from static gains
to more complex dynamic forms is the infeasibility problem associated with ‘all static’ gains

for some systems. In the following, we show that by letting only one of the loops to include
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dynamic AW (the outer loop), one can also extend the scheduling approach so that open-loop
stability alone leads to feasibility of the scheduled AW. Of course, one can replace both static
gains with dynamic ones, but this will add to the complexity of the design and implementation,

without additional benefits.

A. Synthesis

Consider the case where the first, artificial, AW loop has dynamic gains while the second one

has only static gains, i.e., we use the following structure for X,,, and iw, in Fig. 2

Ty = Aaxa + Baq

Yiaw ~ _Aq ) Yaw ™~ 1 (19)
1;]1 = Caxaw + Daq
T2
where z, € R". In the following, we will use the notation A=— “l. Defining z =
D,
[z} xl]" and & = [z 2[]" with w, ¢ and ¢ as inputs, we can represent the augmented

closed-loop system, 3., as follows:

i= Ai+ Byw+ (B, — B,ANq+ (B, — B;A)g
2= C.i+ D.yw+ (D.g— D.yNq+ (D.y — D.iN)G - (20)
U= Cui + Dy + (Dyuy — DunN)q + (Dug — DuiA)§

Matrices A, C, and C. contain the dynamic AW matrices A, and/or C,. By relying on
V = 2TQ~1% with Q > 0, and following the same steps in pervious section, the £, gain from
w to z (i.e., ) can be obtained from matrix inequality (10) when the system matrices A, B,,
etc are replaced with their tilde counterparts in (20) — i.e., A, etc. Once again, the sub-block
(4:5,4:5) ensures the well-posedness of the closed-loop system under the scheduled AW scheme
of Fig. 2 (see [20]). By minimizing  with respect to (10), we get the stabilizing >.,,, and S ow
with guaranteed performance level of 7.

Since the matrices A, CZ, and Cu contain the AW matrices A, and/or C,, the inequality (10)
in its current representation does not form a convex problem. However, following an argument
similar to those in [6], we can show that one can convexify the synthesis matrix inequalities
above for any dynamic AW of order n, > n, (see Subsection IV-B). Ref. [6] also shows that

any performance level obtained by higher orders can be obtained by n, = n,. However, in [6],
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the solution of n, = n, is not explicit and involves a four-step procedure. In order to develop an
approach that can be used in other extensions (such as scheduling, or multi-objective problems),
we use the change of variable approach in [21]. While this yields a relatively simple approach,
it leads to a dynamic AW with n, = n, + n.. For the change of the variable approach, without

any loss of generality, we use the following Lyapunov matrix:

Y S » A/
Q= , @ = 21
S S ~Z Z+ 57!

with Y = YT, § =87 7 =77 ¢ Riwtne)x(mptnc) We define the new variables Fy = A,S,
F=0C,S8, F5 = B,M, Fy = D,M and X = AM. Then, we can obtain the stabilizing >.,,, and

Y. With guaranteed performance level of 7 from the theorem below.

Theorem 1. The closed-loop system in (20) is stable and the Lo gain from w to z is less than
v, if there exist positive scalars M, M, symmetric matrices Y > 0 and S > 0, and matrices F1,

Fo, F3 and ¥, satisfying

Q4 * * * * *
Qa1 F, +F7 * * x ok
BE 0 3 *  x %

<0 (22)
Qy1 C.S+ D.,F, D., —3I « *

Q51 CuS + Dy, Fy Dy s Q55 *
Q61 F3T+CuS+DunF2 Dyw s es s

where
Q=AY +YA" 4+ B,F, + F]B]', Qu =C.Y + D,,F,
Qy1 = SAT + FI B! + F,
= MBqT — XTB; + C.Y + Dy, Fo,
Qs = MDL —XTDI | Qg = MD? — XTDL
Q55 = —2s;,'M + D, M +MD! — D, X —X"DL |
Q61 = MBT + F{BI + C,Y + D, Fs,
Qg5 = —M+ DM + MD?, — D, X + FIDL |
Qg5 = —2M + DM + MDZ + D, Fy + F1 DL .
The system matrices A, B,, etc. are defined in Appendix 1. Once this optimization problem

is solved, the AW gains are A, = F1S™%, B, = F;M}, C, = F,S™Y, D, = F,M~, and
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A=XM"1

To put more emphasis on the performance level in the moderate levels of saturation (i.e.,
lu| < iulim), we use an approach similar to the ‘all static’ case. As before, we start by assuming
somehow it can be guaranteed that the command to the actuator u, satisfies |ug(t)| < giduh-m.
In that case, we could design a more aggressive AW gain A. For this, we consider the case that
the first saturation element is not saturated; i.e., when ) exists but ¢ = 0. In this case, we can
assume B, and D, are zero, but A, and C, have to be accounted for (think initial conditions
and transients). As a result, A and C, matrices will contain the dynamic AW matrices A, and

Co.

Parallel to earlier development, by selecting 7 = |27

21" and considering w and ¢ as inputs,
we can represent the closed-loop system in moderate levels of saturation by (20) while ¢ is set to
zero. Note that in this case we can now set ), and B, to zero to simplify the resulting inequalities
(while keeping the same feasibility conditions, see below). To establish a performance bound
for the AW and ensure stability, we again rely on quadratic Lyapunov function V = z7Q~'7.
As before, if the magnitude bound is in effect, we have (g, uq) € [0, sq], and ¢* W (q — squ) < 0
where W > 0 is a scale. Then invoking S-procedure for some W > 0, it is easy to see that (12)

is the sufficient condition for inequality (8). By expanding (12) in terms of system matrices and

after proper congruent transformations, we obtain:

Qi * * * *
Qg’l F1 + F? * * *
BY 0 -l % * <0 (23)

Q4,1 CzS + DanQ Dzw _/YI *
QS,I CuS + DunFQ Duw 95,4 Q55

Similar to case of static gains, inequality (23) alone does not guarantee the stability and
performance since it is based on the assumption on the magnitude of the command. One way to
ensure overall stability and performance is to combine (23) and (22). In both approaches, since
the same set of AW gains are implemented, certain variables have to be common, i.e. the two

inequalities (22) and (23) must have the same M, X, S, F; and F5, but in (23), we can use a
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different Y (Y):

Minimize ¢4 + ¢+ with (¢ >0, ¢ > 0) subject to (24)
LMI (22) and (25)

Q1,1 * * * *

le Fl + F,{ * * *
Bg 0 -l % * <0 (26)

Q4,1 CZS + DanZ Dzw _VI *
Q5,1 CuS+ DyyFo Dyy Qs Qs

where Qs are the counterpart {2’s when Y is replaced with Y.

Inequality (25), as before, ensures that the closed loop in Fig. (2) is stable with an £y gain of
v, while (26) indicates that the £, gain would have been -y if the command magnitude remains
below gidulim. As with the case of all static gains one can use ¢ and c to obtain a more aggressive
~. Recall that the only performance guarantee is 7y, while ~ is best described as a measure of
the aggressiveness and effectiveness of A (the lower it is, the more effective A should be in

moderate levels of saturation).

B. Feasibility Condition for Dynamic-Static Scheduled Scheme

First, note that as in the case of static compensation, with common variables, (26) is the
(1:5,1:5) block of (22), so the search in (24-26) will always have at least one solution if (22)
holds. We thus need only to focus on (22). Consider inequality (10) when the outer loop is
dynamic AW, i.e, when the system matrices A, B, etc are replaced with their tilde counterparts
shown in (20). In the resulting matrix inequality, let us substitute for the Lyapunov matrix @)

the following partitioned form:

0 R V o1 p Sl p,
vl oz |’ PL Py

where R, S € Rwtne)x(mptne) = 7 P, ¢ Rraxna P, € R tne)xna Tt is relatively easy to
T
A, F5 ©

see that such an inequality can be expressed as ¥ + He{GT H} < 0, where
C, Fy =X
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® could be any arbitrary matrix of appropriate dimension where

0 I, O 0 0 0
H = T T 1T T T |’ and
B 0 0 DunD12 Dun Dun

n

Vi Z 00 0 0
G=]0 0001, 0 |=
0 000 0 I,

L.|olo] o] o0
00|, |0 Dz‘ag[@, I, 1, I, 1
010 0 |I,

o | O | O

0
0

Applying the elimination lemma, we get the following equivalent conditions for n, > n,

Fl,l * * BQ
S
Bl 1 o« |[+3| o |M(B] 0 Df)<0 27)
CiRi1 D —o1 Dy

AS +SAT B, SCT
BT —I DI, | <0 (28)

uw

C.S Dy —I

S;; S
S=sT=|"" P 150 R;=R%>0, Ry—S;>0 (29)
ST; Sx

where I';; = ARy + Ry Al

Details, including the non-convex conditions for n, < n,, follow [6] closely and are not
repeated. The key is that the feasibility conditions become stability of the open loop and nominal
closed loop, the same as the ones associated with a single dynamic AW gains (as in Fig. 1). The
only difference is the second term in (27) which can be made arbitrarily small with M. Adding
the second saturation element thus does not weaken the existence conditions, while allowing for

a more aggressive AW action.
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V. NUMERICAL EXAMPLES
A. Static only gains

Consider the following system taken from [1] with input bound wy;,,, = 1

[ —106 —6.09 —0.9|1|0 ]
Al BB ] | 1 0 0 |ofo
Co| Do | D | | 0 10 |olo]|

-1 11 30|00 |

with z =y — w (w is the reference signal in this example). and nominal controller
—80 0 1] -1

= 1 0 0 0
20.25 1600 ‘ 80 ‘ —80

Ac
Ce

By| B.,
Doy | Dar

Nominal ~ in this problem is 1. Using the results of [5] or [17], the static AW gain from
the traditional approach is A = [—0.1968 0.0025 — 0.9860]7 which leads to a performance
level of v = 85.78. For this system we choose s; = 0.2. Using the proposed technique
with ¢ = 1 and ¢ = 200, AW gains are A = 103[—-1.5120 0.0189 0.0795]” and A =
[—97.3641 1.2207 0.9435]. This design leads to ¥ = 1062.5 and v = 5.931. Figure 3 shows
the results of a simulation with a small ((a)) and a large ((b)) reference signal for this design. As
these figures illustrate, the scheduled system shows better response than the system with single
AW gain (traditional AW), especially for small signal case (the actuator is saturated in both
cases). Figure 3 also shows the results of a simulation with the same small ((c)) and large ((d))
reference signals for a design with ¢ = ¢ = 1. In this case, we obtain 7 = 98.9 and v = 67.92
and gains that are in the same order or magnitude as the case with ¢ = 200.

Figure 4 shows the time histories of u, 1y and u for the first two cases discussed above (i.e.,
when ¢ = 1, and ¢ = 200). As this set of figures shows for small reference signal, the outer-loop
never gets active. Therefore, the system is applying a higher performance AW compensation
compared to the traditional AW, yielding a better response. For larger signal both gains are
active. Similar behavior is observed with AW gains corresponding to ¢ = ¢ = 1.

In both figures, the ideal (without saturation limitations) tracks the input almost perfectly,
which is not surprising, and the plot of the output for this idealized case would be very hard

to distinguish from the reference input. These figures show that by putting more weight on the
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Fig. 3.

Plant output
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(b)

Time [sec]
ran

17

Output for small (a) and for large (b) reference signal with ¢ = 200 and ¢ = 1; output for a small (c) and a large

(d) reference signal with ¢ = ¢ = 1. Solid line is the response of scheduled AW, dashed-dotted line is for traditional AW, and

dashed line is for the ideal system.
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Fig. 4. Control Command for a small (a) and for a large(b) reference signal with ¢ = 200 and ¢ = 1. Solid line is time history

of 4, dashed line is the time history of u4, and dash-dotted line is the time history of w.

performance of A, one can obtain better response for moderate levels of saturation, but at a

possible cost of worse overall £, gain guarantees. As expected, for high saturation levels, the

improvement diminishes.
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Fig. 5. The L2 gains 7 (solid line) and ~y (dashed line) verses sq for ¢ =c=1
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Fig. 6. The L> gains 7 (solid line) and ~ (dashed line) verses ¢ with ¢ = 1 and sq = 0.2

Figure 5 shows the values of 4 and v verses the sector choice s;. As s; gets closer to 1, the
guaranteed -y becomes larger, since this corresponds to very small values of g; which essentially
removes the first (artificial) saturation element. As a result, 7 and v merge and get closer to the
value of y for a single gain. Similarly, small values of s; corresponds to g; ~ 1 which means that
the first (artificial) saturation box limits u, to the actual saturation limits. This removes A and
reduces the problem to the case of a single AW loop, thus recovering the results of traditional
AW design.

Figure 6 shows the values of 4 and ~ verses the weight ¢ for constant ¢ = 1 and s; = 0.2.
Again, as one can expect, putting more weight on the design of moderate levels of saturation
results in better performance in this region, though this will result in somewhat larger over-all

Lo gain 7.
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2 3
Time [sec] Time [sec]

Fig. 7. System Response: nominal ideal system (dashed-dotted), single gain dynamic AW (dashed), scheduled AW (solid)

B. Static-Dynamic AW combination

The following numerical example is taken from [6]. Plant is defined as

[0 1 0o 0| 0 |
[Ap‘Bl]: 33046 —12.15 —244 0| 0
0 0 0 1| 0

| —812.61 —29.87 —30.10 0 15.61 |

T
By = [ 0 2.71762 0 6.68268

with z = x3, y; = x; and y, = z3. We use the same nominal controller as in [6].

The saturation bound is u;;,, = 5. For this example, static AW compensation is not feasible.
However, in [6] a plant order dynamic AW is obtained which guarantees a performance level of
~v = 181.82 (the numerical values of the AW matrices are given in [6]). The results of simulation
for a step input of duration 0.1 and magnitude 0.5 are depicted in Fig. 7. As this figure shows, the
single gain dynamic AW still has some undesirable oscillations. A scheduled combined dynamic
and static AW compensator is also designed for this plant with s; = 0.2, ¢ = 1 and ¢ = 20.
This design results in the overall performance of 7 = 386.8075 and inner-loop (moderate levels
of saturation) performance of v = 27.2525. As Fig. 7 suggests, the scheduled scheme improves
the disturbance attenuation behavior of the saturated system by forcing the system to leave the

saturation zone earlier than the traditional AW.
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VI. CONCLUSION

We introduced a modified AW scheme with multiple AW gains, along with the convex LMIs
to design the gains. The goal is to separate the saturated zone into two parts: moderate levels
and higher levels of saturation (extension to multiple regions is possible and is discussed). Then,
using the resulting sector conditions, one can design and implement more aggressive anti-windup
gains in lower levels of saturation, while global stability and performance requirement are handled
by the an outer-loop AW gains, which become active when the system is in higher levels of
saturation. We show that similar to the traditional AW, ‘all static’ AW gains can be infeasible,
even if the open-loop plant is open-loop stable. However, by making the outer-loop a dynamic
gain, we can end up with an AW structure that open-loop stability is the only feasibility condition.
Through two well-known numerical examples, we show that the proposed multiple-stage AW

improves the response of the closed-loop system compared to the traditional AW.

APPENDIX I
System matrices in (7) and (20) are:
- ~ - A B, | B, | B,
A | B, | By
= 0 A, 0 0
z Dzw qu =
~ ~ Cz Dana Dzw qu
U Duw Duq
Cu DunCa Duw Duq
~ ~ B B Onu Ne)XMNg Inc m
Bn Bﬁ n 77[ (nu+nc)x + ]
O [Ina O’Vla X (nc +7’Lu)i|
DZ?? Dzﬁ -
Dzn D12Duﬁ
Doy | Dy
L Duﬂ Du'r] [O(nu‘i’nc)xna [nc+nu] i

where using II = ([,,, — D, Do)

| [ A+ B,IID,,C) BIC, |
?Z _ B.y(Cy + DypllD,.,Cy) A, + By DaplIC,
Oy + D1oI1D,, Cs DislIC,
C 1D,,C, IC,
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By + By Dy
Bew + Bey(D29 Doy + Day)
D11 + D12Dyy
Dy Doy + 11D,

—By + By D, By D,
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